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Decoherence effects on the quantum spin channels
Jian-Ming Cai, Zheng-Wei Zhou,∗ and Guang-Can Guo
Key Laboratory of Quantum Information, University of Science and Technology of China,
Chinese Academy of Sciences, Hefei, Anhui 230026, China
An open ended spin chain can serves as a quantum data bus for the coherent transfer of quantum
state information. In this paper, we investigate the efficiency of such quantum spin channels which
work in a decoherence environment. Our results show that, the decoherence will significantly reduce
the fidelity of quantum communication through the spin channels. Generally speaking, as the
distance increases, the decoherence effects become more serious, which will put some constraints on
the spin chains for long distance quantum state transfer.
PACS numbers: 03.67.Hk, 05.50.+q, 32.80.Lg
I. INTRODUCTION
Quantum computation has the potential to outperform
their classical counterparts in solving some intractable
problems which would need exponentially longer time for
a classical computer [1, 2]. Lots of efforts have been de-
voted to searching for various kinds of real physical sys-
tems that maybe appropriate for the implementation of
quantum computation. One key feature of such physical
systems is scalability [3]. There are several prospective
candidates for scalable quantum computation, such as
optical lattices [4, 5, 6], arrays of quantum dots [7, 8, 9],
superconducting circuits [10, 11]. It is also known that
universal quantum computation can be performed by
a chain of qubit with nearest neighbor Heisenberg or
XY coupling together with some other physical resources
[12, 13, 14, 15].
In the large-scale quantum computing, how to trans-
mitting quantum states from one location to the other
location, which is a little similar but not all the same to
quantum information distributing [16], is an important
problem. The primitive scheme of quantum communica-
tion through an unmodulated spin chain is proposed by
S. Bose [17]. It was shown that, quantum states can be
transferred via an open ended spin chain with ferromag-
netic Heisenberg interactions. The fidelity will exceed
the highest fidelity for classical transmission of a quan-
tum state until the chain length N is larger than 80. In
Refs [18]., M. Christandal et al. put forward a special
class of Hamiltonian that is mirror-periodic. Based on a
spin chain with such a mirror-periodic Hamiltonian, per-
fect quantum state transfer can be achieved. Up to now,
there are many other variational schemes for the transfer
of quantum states in spin systems [19, 20]. In the real
physical systems, especially for solid state system, deco-
herence and noise is inevitable [1]. For example, in the
system of arrays of quantum dots, both the surrounding
nuclei spin environment [21] and 1/f noise will induce
decoherence. Therefore, under the influence of decoher-
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ence, how efficient different spin chain channels will work
becomes an interesting and important problem. On the
other hand, dynamical decoherence properties of many-
body systems [22, 23, 24] are basically significant by it-
self. There have been several work about the decoherence
and spin chain channels [25, 26, 27]. However, the deco-
herence effects on the efficiency of these quantum spin
channels have not yet been thoroughly investigated.
In this paper, we calculate the fidelity of quantum com-
munication through the spin chain channels under the in-
fluence of decoherence. Two representative kinds of envi-
ronment model are investigated. One is the one common
spin environment [28]. The other is the local independent
environment [29]. We show that the efficiency of the spin
channels will be significantly lowered by the decoherence
environment. As the spin chain length increases, the de-
coherence effects may become very severe, which suggest
some new constraints on the spin chains for long distance
quantum state transfer. We mostly concentrate on the
Heisenberg spin chain and the mirror-periodic Hamilto-
nian scheme. However, some of the results are applicable
for other schemes of quantum state transfer.
The structure of this paper is as follows. In Sec. II we
investigate the efficiency of quantum spin channels in one
common spin environment. In Sec. III the situation of
local independent environment is discussed. In Sec. IV
are conclusions and some discussions.
II. ONE COMMON SPIN ENVIRONMENT
We start by considering the important decoherence
model in spin systems, i.e. one common spin environ-
ment. The Hamiltonian of the spin chain with N spins
is denoted as HS . The total z-component of the spin is
conserved, i.e. [
∑N
i=1 σ
z
i , HS ] = 0. This is true for sev-
eral important spin chain channels [17, 18]. The central
system interacts with one common spin environment Ξ
[28], which is formed by M independent spins, for large
values of M , as depicted in Fig. 1.
HSΞ =
1
2
N∑
i=1
σzi ⊗
M∑
k=1
gkσ
z
k (1)
21 2 3
N-2 N-1 N
FIG. 1: (Color online) A quantum wire with N spins in the
line coupled with one common spin environment.
The whole system of the spin chain S and the environ-
ment Ξ is described by the Hamiltonian
HT = HS +HSΞ (2)
Here the self-Hamiltonian of the environment Ξ is ne-
glected. This simple decoherence model is an important
solvable model of decoherence, which are much relevant
to quantum information processing [1]. We will demon-
strate how efficient the quantum spin chain channels will
work in such a decoherence environment.
The quantum state to be transferred is located at the
1st spin, |ϕin〉 = α|0〉 + β|1〉. The initial state of the
central system is
|ψS(0)〉 = α|0〉+ β|1〉 (3)
with |0〉 = |00 · · · 0〉, |1〉 = |10 · · · 0〉. In the follow-
ing of this paper, we will denote |j〉 the state in which
the jth spin is in the |1〉 state, while all the other
spins are in the |0〉 state. Without the influence of de-
coherence, the transfer fidelity at time t is defined as
f1N (t) := 〈N|e−iHst|1〉. Using the calculations in [30],
we can write down the final density matrix ρN (t) in the
absence of the decoherence, just in terms of the initial
coefficients of the input state, and the transfer fidelity,
as follows
ρN(t) =
(
1− |f1N(t)|2 αf∗1N (t)
α∗f1N(t) |f1N (t)|2
)
(4)
Now we take into account the interaction between the
spin chain and the environment. We denote the basis of
the environment {|m〉〈m|}, ∑2M−1m=0 |m〉〈m| = IΞ, where|m〉 = |m1m2 · · ·mM 〉 with σzk|mk〉 = (−1)mk |mk〉. Since∑M
k=1 gkσ
z
k|m〉 =
∑M
k=1(−1)mkgk|m〉, therefore,
HT =
2M−1∑
m=0
(HS +
1
2
Bm
N∑
i=1
σzi )⊗ |m〉〈m| (5)
with Bm =
M∑
k=1
(−1)mkgk. The time evolution oper-
ator for the combined system-environment is U(t) =
exp(−itHT ), i.e.,
U(t) =
2M−1∑
m=0
Um(t)⊗ |m〉〈m| (6)
where Um(t) = exp(−itH(m)S ) with H(m)S = HS +
1
2Bm
∑N
i=1 σ
z
i . We consider the initial state of the spin
chain together with the M independent environment
spins of the form as W.H. Zurek has considered in [28]:
|ψSΞ(0)〉 = |ψS(0)〉 ⊗
2M−1∑
m=0
cm|m〉 (7)
After arbitrary time t, the evolution of the spin-
environment system is |ψSΞ(t)〉 = U(t)|ψSΞ(0)〉 =∑2M−1
m=0 (Um(t) ⊗ |m〉〈m|)|ψSΞ(0)〉. Therefore, the final
density matrix of the target spin is
ρ′N (t) = TrN¯TrΞ(|ψSΞ(t)〉〈ψSΞ(t)|)
=
2M−1∑
m=0
|cm|2TrN¯{Um(t)|ψS(0)〉〈ψS(0)|U †m(t)}
=
2M−1∑
m=0
|cm|2ρ(m)N (t) (8)
We note that [ 12Bm
∑N
i=1 σ
z
i , HS ] = 0. It can be ob-
served that if the the environment is in the state |m〉, the
output just undergoes a Z-rotation by some angle Bm,
i.e.,
ρ
(m)
N (t) =
(
1− |f1N (t)|2 αf∗1N (t)e−iBmt
α∗f1N(t)e
iBmt |f1N (t)|2
)
(9)
Consequently, the only change to the final density matrix
caused by the decoherence is to reduce the off-diagonal
elements by a factor of γ(t) =
∑2M−1
m=1 |cm|2eiBmt
and γ∗(t). The efficiency of the quantum spin chan-
nel is characterized by the fidelity averaged over all
pure state in the Bloch sphere, that is F ′(t) =
1
4pi
∫
Tr[ρ′N(t)|ϕin〉〈ϕin|]dΩ.
We denote the character function of the environment
as η(B) =
2M−1∑
m=0
|cm|2δ(B−Bm). After some straightfor-
ward calculation, we can write the average fidelity of the
quantum spin channel in the spin environment as
F ′(t) =
1
2
+
|f1N (t)|2
6
+
|f1N (t)|
3
∫
cos(Bt+ φ)η(B)dB
(10)
where φ = arg{f1N (t)}. For a general spin environment
of largeM values, the character function η(B) is approxi-
mately Gaussian [28], that is η(B) = exp(−B2/ϑ)/√πϑ.
Then
∫
cos(Bt)η(B)dB = e−ϑt
2/4, and the average fi-
delity becomes
F ′(t) =
1
2
+
|f1N (t)|2
6
+
|f1N (t)| cosφ
3
e−ϑt
2/4 (11)
Heisenberg spin chain We first consider the S.
Bose primitive scheme. There are N spins in the
line with ferromagnetic Heisenberg interactions, labeled
1, 2, · · · , N . The Hamiltonian of the spin chain [17] is
HS = −J
N−1∑
i=1
~σi · ~σi+1 − B
N∑
i=1
σzi . For the situation
3without considering the influence of decoherence environ-
ment, by choosing the magnetic fields B as some special
value Bc, one can make the transfer fidelity f1N (t) =
〈N|e−itHS |1〉 ∈ R, i.e. φ = arg{f1N(t)} = 0, and then
maximized the original average fidelity. Therefore, the
average fidelity of the quantum spin channel in the spin
environment is
F ′(t) =
1
2
+
f21N(t)
6
+
f1N (t)
3
e−ϑt
2/4 (12)
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FIG. 2: (Color online) The average fidelity of quantum spin
channels in the one common spin environment (Dashed) and
without decoherence (Solid) as functions of time t/J for dif-
ferent distance N = 3, 5, 8, 10. The Gaussian parameter
ϑ/J2 = 0.02.
We depict the above average fidelity for N = 3, 5, 8, 10
in Fig. 2. Compared with the original fidelity [17]
F (t) = 1/2 + f21N (t)/6 + f1N (t)/3, it can be seen that
the decoherence environment will obviously reduce the
efficiency of quantum communication through the spin
chain channels, especially for the target spin of long dis-
tance. Because if the time of transfer is longer, the deco-
herence effects are more severe and more quantum state
information will be lost. In fact, without the influence
of decoherence, the critical spin chain length is Nc = 80,
i.e., if the spin chain length N ≤ Nc, the fidelity of quan-
tum communication through the spin channel will exceed
2/3, which is the highest fidelity for classical transmis-
sion of the state [31]. However, even the environment
parameter ϑ is small, the critical spin chain length is sig-
nificantly reduced. We list the critical spin chain length
for several environment parameters in the following ta-
ble. Therefore, if the spin chain length is large, to achieve
satisfactory efficiency of quantum state transfer, new con-
straints, e.g. larger coupling strength J , is necessary.
We now investigate entanglement distribution through
the above open ended spin channel in the one common
spin environment. Two particles A and B are initially
in the entangled state |ψ†AB〉 = (|01〉+ |01〉)/
√
2. We set
B as the first site of the spin chain channel, then after
some time t entanglement will be established between A
and the target spin, i.e. the Nth spin. What we are
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FIG. 3: Critical spin chain length Nc for different environment
parameters ϑ/J2.
interested in is the amount of distributed entanglement
between A and the Nth spin. As pointed out in [17], the
spin chain, without the influence of environment, acts as
an amplitude damping quantum channel, i.e.
ρAN (t) =
∑
i=0,1
(I ⊗Mi)|ψ†AB〉〈ψ†AB |(I ⊗M †i ) (13)
with M0 = |0〉〈0| + f1N (t)|1〉〈1| and M1 = (1 −
|f1N (t)|2)1/2|0〉〈1|. In the same way as discussed
above, the final entangled state becomes ρ′AN (t) =
{(1 − λ2)|00〉〈00| + λ2|01〉〈01| + |10〉〈10| + ζ|01〉〈10| +
ζ∗|10〉〈01|}/2, where λ = |f1N (t)| and ζ =∫
λexp(−iB′t)η(B′)dB′ = λe−ϑt2/4. Therefore, the dis-
tributed entanglement measured by concurrence [32] is,
ξ′ = ξ0e
−ϑt2/4 (14)
where ξ0 = λ is the distributed entanglement without
decoherence.
Mirror-periodic Hamiltonian Now we consider
the perfect state transfer channels, i.e., the mirror-
periodic Hamiltonian scheme in one common spin en-
vironment. The N spins in the line with XY cou-
pling is described by the Hamiltonian [18] HS =∑N−1
i=1
Ji
2 (σ
x
i σ
x
i+1 + σ
y
i σ
y
i+1), where Ji = ω
√
i(N − i)/2.
The most important property of the mirror-periodic
Hamiltonian is that e−itHψ(s1, s2, . . . , sN−1, sN ) =
(±)ψ(sN , sN−1, . . . , s2, s1) for some time t. For the
above Hamiltonian HS , the transfer fidelity is f1N (t) =
[−i sin (ωt/2)]N−1, i.e. perfect quantum state transfer
will be achieved at a constant time t = π/ω for arbitrary
spin chain distance. According to the above Eqs.(8, 9),
we can easily get the average fidelity
F ′(t) =
2
3
+
1
3
e−ϑt
2/4 (15)
Since the optimal transfer time t = π/ω is constant, the
average fidelity is independent on the spin chain length
N . This is different from the situation of Heisenberg spin
chain channel.
III. LOCAL INDEPENDENT ENVIRONMENT
In this section, we will consider another representative
decoherence model, the local independent environment.
Each individual spin of the central system S interacts
independently with the local environment Ξi, as depicted
4in Fig. 4. The decoherence process of the multi-spin
system can be described by a general quantum master
equation of Lindblad form [33],
∂
∂t
ρ = −i[HS, ρ]+
N∑
i=1
(I⊗· · ·⊗I⊗Li⊗I⊗· · ·⊗I)ρ (16)
The superoperator Li describes the independent interac-
tion of the ith spin with the local environment.
1 2 3
N-2 N-1 N
FIG. 4: (Color online) A quantum wire with N spins in the
line coupled with local independent environment.
It is known that macroscopic systems are more frag-
ile under the influence of the decoherence environment.
In the situation of local independent decoherence envi-
ronment, this can be demonstrated in an explicit way as
follows. The phenomenological analysis solution of the
quantum master equation in Eq.(15) can be written as
ρ(t) = ρ(0) +
∫ t
0 {−i[HS, ρ(t′)] +
∑N
i=1 Liρ(t′)dt′}. And
the ideal state without decoherence is ρ0(t) = ρ(0) +∫ t
0
{−i[HS, ρ0(t′)]}. If the time t = δt is short enough,
the difference between the real and ideal state of the cen-
tral system is ρ(t) − ρ0(t) =
∑N
i=1 Liρ(0)δt. Therefore,
it is obvious that the state deviation will become larger
as N increases for most kinds of decoherence model.
Mirror-periodic Hamiltonian We first consider the
mirror-periodic Hamiltonian scheme in the local indepen-
dent dephasing and damping channels.
Dephasing Channel The dephasing process corre-
sponds to the situation where only phase information is
lost [1], without energy exchange. The superoperator for
the dephasing channel [29] is
Liρ = −γi
2
(ρ− σzi ρσzi ) (17)
For simplicity, we assume the system-environment cou-
pling strength γi = γ are the same for all spins.
In the case of quantum state transfer, the initial state
of the system is |ψS(0)〉 = α|0〉 + β|1〉. The state trans-
fer dynamics under the influence of dephasing channel
is completely determined by the evolution in the zero
and single excitation subspace H0⊕1. Therefore, we
only need to solve the above master equation in this
(N + 1)−dimensional subspace. When restricted to the
subspace H0⊕1,
HS =
N−1∑
i=1
Ji(|i〉〈i+ 1|+ |i+ 1〉〈i|)
σzi = IN+1 − 2|i〉〈i| (18)
At time T = π/ω, the reduced density of the Nth spin
is
ρ(N)(π/ω) =
(
1− ρNN(π/ω) ρ0N (π/ω)
ρ∗0N (π/ω) ρNN (π/ω)
)
(19)
where ρNN(π/ω) = 〈N|ρ(π/ω)|N〉 and ρ0N (π/ω) =
〈0|ρ(π/ω)|N〉. Therefore, the probability of an exci-
tation transfer from the 1st spin to the Nth spin at
time t = π/ω is P = ρNN (π/ω). And the fidelity be-
tween the real and ideal transferred quantum state, i.e.
|ψideal(π/ω)〉 = α|0〉+ (−i)N−1β|1〉, is
F (π/ω, α, β) = (1 − ρNN(π/ω))|α|2 + ρNN (π/ω)|β|2
+ 2Re{(−i)N−1ρ0N (π/ω)α∗β} (20)
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FIG. 5: (Color online) The probability of an excitation trans-
fer as function of the spin chain length N for the dephas-
ing channel in the local independent model. The system-
environment coupling strength γ/ω = 0.1.
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FIG. 6: (Color online) The fidelity as function of the spin
chain length N for the dephasing channel in the local inde-
pendent model. The system-environment coupling strength
γ/ω = 0.1.
The efficiency of quantum communication through the
above quantum spin channel is characterized by the av-
erage fidelity over all pure states in the Bloch sphere
F (π/ω) = 14pi
∫
F (π/ω, α, β)dΩ. In the mirror-periodic
5Hamiltonian scheme, we solve the above differential equa-
tions numerically, and depict the probability of an exci-
tation transfer and the average fidelity in Fig. 5 and 6.
Though the transfer time is constant t = π/ω for any
spin chain distance N , the probability of an excitation
transfer and the average fidelity will still decay as the
spin chain length increases. Due to the decoherence ef-
fects, the mirror-periodic Hamiltonian scheme can not
achieve perfect quantum state transfer again. However,
using larger nearest-neighbor interaction ω, i.e. relative
smaller system-environment coupling strength γ/ω, we
will increase the efficiency of quantum communication in
the decoherence environment.
Damping channel The pure damping channel corre-
sponds to the decay process of the central system cou-
pled to a thermal bath at zero temperature [1, 29]. The
superoperator for the damping channel is
Liρ = −γi
2
(σ−i σ
+
i ρ+ ρσ
−
i σ
+
i − 2σ+i ρσ−i ) (21)
where σ±i = (σ
x
i ± iσyi )/2, with the system-environment
coupling strength γi = γ for all spins.
In the similar way as the dephasing channel, When
restricted to the subspace H0⊕1,
σ−i = |i〉〈0|, σ+i = |0〉〈i|, σ−i σ+i = |i〉〈i| (22)
The reduced density of the Nth spin and the average
fidelity in Eqs.(18, 19) are applicable to the damping
channel too. By solving the corresponding differential
master equations numerically, we can obtain the prob-
ability of an excitation transfer and the average fidelity
for different spin chain length N . Unlike the situation of
the dephasing channel, we find that at time t = π/ω, the
probability of an excitation transfer is independent on the
spin chain length, that is ρNN (π/ω) = e
−γpi. Moreover,
the average fidelity F (π/ω) is independent on the spin
chain length either. This result is somewhat surprising.
Whether this property is only hold by the mirror-periodic
Hamiltonian in a pure damping environment is an inter-
esting open problem, which will be investigated in details
in our following work.
Heisenberg spin chain For the Heisenberg spin
chain channel in the local independent dephasing and
damping environment, we can express the system Hamil-
tonian HS in the subspace H0⊕1 and solve the quantum
master equations in the similar way as discussed above.
We list the maximum probability of an excitation trans-
fer P for different spin chain length N in the following
table. The behavior of the average fidelity F is similar
to the probability of an excitation transfer P .
It can be seen that, the maximum probability of an
excitation transfer, i.e. the efficiency of the Heisenberg
spin chain channel, will decay as the spin chain length
N increases not only for the dephasing channel but also
for the damping channel. This is slightly different from
the situation of mirror-periodic Hamiltonian, where the
probability of an excitation transfer and the average fi-
delity are independent on the spin chain length.
N
 
2 3 4 5 6 7 8 
P Dephasing
 
0.965 0.708 0.664 0.535 0.431 0.379 0.338 
P Damping
 
0.928 0.681 0.678 0.556 0.420 0.371 0.333 
 
FIG. 7: The maximum probability of an excitation transfer for
different spin chain length N in the local independent model.
The system-environment coupling strength γ/J = 0.1.
IV. CONCLUSIONS AND DISCUSSIONS
In conclusion, we have investigated the efficiency of
quantum communication through the spin chain chan-
nels under the influence of a decoherence environment.
We focus on the Heisenberg spin chain and the mirror-
periodic Hamiltonian scheme. Two representative deco-
herence models are considered, one is the one common
spin environment, the other is local independent envi-
ronment. It can be seen that the efficiency of the quan-
tum wires will be significantly lowered by the external
decoherence environment. Generally speaking, the deco-
herence effects become more serious for larger spin chain
length. However, for different spin chain Hamiltonian
and decoherence models, the results will be somewhat
different.
In Refs [26], it has been shown that in some specific
environment, quantum state transfer is possible with the
same fidelity and only reasonable slowing. However, for
more general decoherence models as considered in this
paper, we show that, to achieve highly efficient long dis-
tance quantum state transfer in a decoherence environ-
ment, the time of transfer [34] becomes a crucial factor
and more constraints on the spin system Hamiltonian are
requisite. We should resort to new encoding strategy for
the protection of quantum state information during the
transfer along the spin chain channels. Besides, we pro-
vide some possible evidence for the unusual dynamical
decoherence properties of the mirror-periodic Hamilto-
nian, which may lead to some valuable utilities of this
special class of Hamiltonian.
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